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Abstract 

Using an exact solution as a concrete example, Nambu-Goldstone 
modes on the BPS domain wall junction are worked out for M = 1 
super symmetric theories in four dimensions. Their wave functions extend 
along the wall to infinity (not localized) and are not normalizable. It is 
argued that this feature is a generic phenomenon of Nambu-Goldstone 
modes on domain wall junctions in the bulk flat space in any dimensions. 
We formulate mode equations and show that fermion and boson with the 
same mass come in pairs except massless modes which can appear singly, 
in accordance with unitary representations of (1, 0) supersymmetry. 
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1 Introduction 



In recent years an interesting idea has been advocated to regard our world as a domain wall 
embedded in higher dimensional spacetime Most of the particles in the standard model 
should be realized as modes localized on the wall. Phenomenological implications of the idea 
have been extensively studied from many aspects. Another fascinating possibility has also been 
proposed to consider walls in the bulk spacetime which has negative cosmological constant 0]. 
The model can give large mass hierarchy or can give massless graviton localized on the wall. 
Subsequently a great deal of research activity has been performed to study and extend the 
proposal 

Since walls typically have co-dimension one, it is desirable to consider intersections and/or 
junctions of walls in order to obtain our four dimensional world from a spacetime with much higher 
dimensions. The model with the bulk cosmological constant has been extended to produce an 
intersection of walls |^. 

Supersymmetry has been useful to achieve stability of solitonic solutions such as domain walls. 
Domain walls in supersymmetric theories can saturate the Bogomol'nyi bound 0. Such a domain 
wall preserves half of the original supersymmetry and is called a 1/2 BPS state 0. It has also 
been noted that these BPS states possess a topological charge which becomes a central charge 
Z of the supersymmetry algebra Thanks to the topological charge, these BPS states are 
guaranteed to be stable under arbitrary local fluctuations. Various properties of domain walls in 
M = \ supersymmetric field theories in four dimensions have been extensively studied H|, |10|. 



In particular the modes on the domain wall background have been worked out and are found to 



contain fermions and/or bosons localized on the wall in many cases [|T|, [jT2 



Recently domain wall junctions have attracted much attention as another interesting possi- 
bility for BPS states [|1^]-[|15|. Domain walls occur in interpolating two discrete degenerate vacua 



in separate region of space. If three or more different discrete vacua occur in separate region of 
space, segments of domain walls separate each pair of the neighboring vacua. If the two spatial 
dimensions of all of these domain walls have one dimension in common, these domain walls meet 
at a one- dimensional junction. The solitonic configuration for the junction can preserve a quarter 
of supersymmetry and is called a 1/4 BPS state. There has been progress to study general prop- 
erties of such domain wall junctions. For instance a new topological charge Y is found to appear 
for such a 1/4 BPS state [0- [|l^]. If we start from A/" = 1 four dimensional supersymmetric field 
theories, the domain wall junction preserves only one supercharge. Consequently the resulting 
theory was expected to be a (1,0) supersymmetric theory in 1 + 1 dimensions |l^ which offers 
an intriguing possibility of chiral fermions. Moreover, there have been a number of numerical 



simulations which indicate the existence of the domain wall junction solutions |T^. In spite of 
all these efforts, it has been difficult to obtain an explicit solution and to prove the existence of 
a BPS domain wall junction. 

Recently we have succeeded to work out an exact solution for the BPS domain wall junction 



for the first time The exact solution allows a thorough study of the properties of the BPS 
domain wall junction. Consequently several misconceptions can be pointed out and rectified. 
One such point is the sign and meaning of the new central charge Y which arises when walls 
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form a junction. Our exact solution showed that the central charge Y contributes negatively to 
the mass of the domain wall junction configuration. Therefore we should not consider the central 
charge Y alone as the mass of the junction. Various other aspects of the domain wall junctions 
are also studied recently - ||23[| . 



The purpose of the present paper is to give a more detailed study of the properties of the 
BPS domain wall junction in A/" = 1 supersymmetric field theories. We study the modes on 
the background of the domain wall junction, especially the Nambu-Goldstone modes. We will 
use our exact solution as a concrete example and will extract the generic properties of the BPS 
domain wall junctions. We define mode equations and demonstrate explicitly that fermion and 
boson with the same mass have to come in pairs except massless modes. Massless modes can 
appear singly without accompanying fields with opposite statistics. We also show that unitary 
representations of the surviving (1,0) supersymmetry are classified into doublets for massive 
modes and singlets for massless modes. We work out explicitly massless Nambu-Goldstone modes 
associated with the broken supersymmetry and translational invariance. We find that the Nambu- 
Goldstone fermions exhibit an interesting chiral structure in accordance with the surviving (1, 0) 
supersymmetry algebra. However, we also find that any linear combinations of the Nambu- 
Goldstone modes associated with the junctions become a linear combination of zero modes on 
at least one of the domain walls asymptotically along these walls. Since their wave functions 
are extended along these walls without damping, they are not localized states on the junction. 
Therefore they are not normalizable, contrary to a previous expectation [O. This indicates 



that the resulting theory cannot be regarded as a genuine 1 + 1 dimensional field theory with 
discrete particle spectrum even at zero energy. Although the remaining supersymmetry is just 
(1,0) which is characteristic to 1 + 1 dimensions, we have to keep in mind that the domain wall 
junction configuration is actually living in one more dimensions similarly to the domain wall 
itself. Zero modes on the junction turn out to have properties quite similar to those on the 
domain wall. The non-normalizability of Nambu-Goldstone modes on the junction configuration 
is not an accident in this particular model. We observe that the origin of this property can be 
traced back to the fact that the supersymmetry is broken by the coexistence of nonparallel walls. 
Therefore the fact that the Nambu-Goldstone modes on the BPS domain wall junction are not 
normalizable is a generic feature of supersymmetric field theories in the bulk flat space. 

One should note that our conclusion need not apply to the case with negative cosmological 
constant in the bulk. In the presence of a bulk negative cosmological constant in six dimensions, 
five dimensional walls can intersect in Anti de Sitter space. If one demands a flat space at the 
four dimensional intersection, one has an Anti de Sitter space not only in the bulk but also even 
on the walls Q]. Since Anti de Sitter space does not have translational invariance, the wave 
function of the zero mode does not become constant along the wall asymptotically, contrary to 
our situation. If one approaches the intersection along the wall, one meets precisely the same 
situation as the wall in the five dimensional Anti de Sitter space. For instance graviton zero 
mode is exponentially suppressed away from the intersection along the wall direction to produce 
a normalizable wave function. Therefore the Anti de Sitter geometry along the wall plays an 
essential role to achieve the localization of the wave function on the intersection in models with 
cosmological constant. 

In sect. 2, we introduce BPS equations and the exact solution for the domain wall junction and 
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discuss representations of the surviving (1, 0) supersymmetry algebra. In sect. 3, we present mode 
equations which define the fiuctuations on the background of domain wall junction. We work out 
the Nambu-Goldstone mode explicitly and show that they are not normalizable. Physical origin 
of the nonnormalizability is clarified and the general validity of this phenomenon is argued. 
In sect. 4, the relation between the choice of BPS equations and the boundary condition is 
discussed for a general Wess-Zumino model. In sect. 5, the central charge density and the energy 
density are examined and an interesting behavior is observed. The fermionic contributions to 
the central charges and mode equations in a convenient gamma matrix representation are given 
in appendices. 



2 BPS equations and the (1,0) supersymmetry algebra 
2.1 Two 1/4 BPS states and two BPS equations 

It is known that if the translational invariance is broken as is the case for domain walls and/or 
junctions, the A/" = 1 superalgebra in general receives contributions from central charges |jl8|, 
IH^1I31' EH- The anti-commutator between two left-handed supercharges has central charges 
1^ X 2 3 

= 2z((TV)„%;3Zfc. (2.1) 



Here and the following we use two-component spinors following the convention of ref.|^0[ ex- 
cept that the four dimensional indices are denoted by Greek letters /x, z/ = 0, 1, 2, 3 instead of 
roman letters m, n. The anti-commutator between left- and right-handed supercharges receives 
a contribution from central charges Yk, k = 1,2,3 besides the energy-momentum four-vector 
P^, yU = 0, ■ ■ ■ , 3 of the system 

{Q«,Q«} = 2«P,, + a^n). (2.2) 

One may call and as (1,0) and (1/2, 1/2) central charges in accordance with the trans- 
formation properties under the Lorentz group. Central charges, and Y^, come from the total 
divergence, and they are non-vanishing when there are nontrivial differences in asymptotic be- 
havior of fields in different region of spatial infinity as is the case of domain walls and junctions 
|T^. Therefore these charges are topological in the sense that they are determined completely 



by the boundary conditions at infinity. For instance, we can take a general Wess-Zumino model 
with an arbitrary number of chiral superfields $*, an arbitrary superpotential W and an arbitrary 
Kahler potential K{^\ $*■') 



C = j d^ed^9K{<!>\ <l>*^) + j d^eWi^') + h.c. 



(2.3) 
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and compute the anticommutators (|2.1|), p.2|) to find the central charges. The contributions to 



these central charges from bosonic components of chiral superfields are given [*| by [p 



Zk = 2 J £xdkW*iA*), (2.4) 
Yk = ze'^"™ / d'xK,,,d^{A*^dmA'), e^^s ^ (2.5) 



where is the scalar component of the z-th chiral superfield and Kij* = d'^K{A*, A)/dA^dA*^ 



is the Kahler metric. 



BPS domain wall is a 1/2 BPS state |§| and BPS domain wall junction is a 1/4 BPS state 
13|[l^. To find the BPS equations satisfied by these BPS states, we consider a hermitian linear 
combination of operators Q and Q with an arbitrary complex two-vector /3" and its complex 
conjugate = (/?")* as coefficients 

= rQa+rQa- (2.6) 

We treat as c-numbers rather than the Grassmann numbers. Since K is hermitian, the 
expectation value of the square of K over any state is non-negative definite, ly^\K'^\S) > 0. 
The field configuration of static junction must be at least two-dimensional. If we assume, for 
simplicity, that it depends on x^, x"^ then we obtain (Z3) = (Yi) = (1^2) = from Eqs.( p.4|) and 
( [^.5D , and the inequality implies in this case 

W > ^^rp^^{(l/5T-l/3T)(>^3) + Re[(/3^)^(-^2-^^i)] 

+ Re[{p'Y{-Z, + ^Z^)]y (2.7) 

for any and for any state. The equality holds if and only if the linear combination of super- 
charges, K, is preserved by the state 15*) 

K\S) = 0. (2.8) 
In this case, the state IS*) saturates the energy bound and is called a BPS state. We find that 



there are two candidates for the saturation of the energy bound [|T7 



H = H,^ \{-iZ, - Z,)\ - (Ys), when = P \f.f^li, , = = 0, (2.9) 

I {iZi + Z2) I 

H = Hu^ - Z,)\ + (Fs), when P' = P^ = 0, p' = p',tl^±^ (2.10) 

In the case of Hi 7^ Hn, the BPS bound becomes (H) > ma.x{Hi, Hu} . If Hi > Hn, then 
supersymmetry can only be preserved at (H) = Hi and the only one combination of supercharges 
is conserved 

Qi + u-l'^lt Qi) m = Hi) = 0. (2.11) 



*The central charge Yfc also receives contributions from ferniionic components of chiral superfields which is 
given in appendix A. 
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If Hii > Hi, then supersymmetry can only be preserved at {H) = Hn and the only one combi- 
nation of supercharges is conserved 



\{H) = Hn) = 0. 



(2.12) 



In the case of Hi = Hn, two candidates of BPS bounds coincide and BPS state conserves both 
of two supercharges, (|2.11| ) and (|2.12|) ; this is a 1/2 BPS state. 

For the general Wess-Zumino model in Eq.( p.3|) , the condition of supercharge conservation 



( p.ll[ ) for H = Hi applied to chiral superfield = {A^, V*) F^) gives after eliminating the auxiliary 
field 



' dz 



dA*i ' 



(2.13) 



X" —ix"^, and the inverse of the Kahler metric K ^^-^ 



\Hzi + z*) 

where complex coordinates z = x^ +ix'^, z = x^ ■ 
are introduced. We can also consider gauge interactions. For simplicity we take only the U{1) 
gauge interaction. Then the derivative dA^ /dz in the above Eq. (|2.13|) should be replaced by the 
gauge covariant derivative T>zA^ 



+ dA*i 



d .Cj 



A' 



(2.14) 



Moreover the same BPS condition (|2.11|) applied to vector superfield in the Wess-Zumino gauge 
V = {v^, A, D) gives after eliminating the auxiliary field D 



Vl2 



-D = WA*^e,A\ 



^'OS = 0, Woi = f31, ^23 = -^^02, 



:2.i5) 



where v^y = d^v^ — di,v^ and Cj is the charge of the field AK Here we assume for simplicity the 
minimal kinetic term both for the chiral superfield Kij* = 6ij* and for the vector superfield. 

Similarly the condition of supercharge conservation ( |2.12[ ) for H = Hu applied to chiral 
superfield in the Wess-Zumino model gives after eliminating the auxiliary field 



^dA' 
' dz 



dW* 
dA*^ ' 



=i 



Hzi - z*) 

\{-iZl 



ZD 



(2.16) 



If U{1) gauge interaction is present, the derivative dA^ /dz should be replaced by the covariant 
derivative T>zA^ = ^{T>i—iT>2)A\ In this case the BPS condition applied to U{1) vector superfield 
in the Wess-Zumino gauge becomes in the case of minimal kinetic terms 



Vl2 



D = -\Y.A*=e,A\ 



voz = 0, Vol = -V31, V23 = V02. 



[2A7) 



In sect.^, we shall present a simple way to find the correspondence between the choice of boundary 
conditions and the choice of BPS equations ( p.l3|) and ( |2.15|) or (|2.16|) and (|2.17|) . 
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2.2 The exact solution of BPS domain wall junction 



In a previous article |T^, we have found an exact solution of BPS domain wall junction in a model 
motivated by the M = 2 supersymmetric SU{2) gauge theory with one flavor broken to A/" = 1 
by the mass of the adjoint chiral superfield. This model has the following chiral superfields with 
the charge assignment for the U{1) x f/(l)' gauge group 



M M V V Q Q T 

f/(l) 1-11-10 

f/(iy 1 -1 1 -1 0, 

interacting with a superpotential 

W = (T - A)MM + {T + A)VV + {T -m)QQ- h'^T, 



[2.1S) 



[2.19) 



where parameters A and h can be made real positive and a parameter m is complex . In this 
model there are three discrete vacua, 



Vac.l:T = A, M = M = h, Q=Q = V = V = 0, Wi = 
Vac.2 :T = m, Q = Q = h, M=M=V = V = 0, W2 = 
Vac.3 :T = -A, V = V = h, Q=Q = M=M = 0, W3 



-h'A, 



[2.20) 



and when m = i\/3A, this model becomes Z3 symmetric. Thus three half walls are expected to 
connect at the junction with relative angles of 2tt/3. For definiteness, we specify the boundary 
condition where the wall 1 extends along the negative axis separating the vacuum 1 [x^ > 0) 
and 3 {x^ < 0) as shown in Fig. [l|. If we have only the wall 1, we obtain the central charge Zk 





x2 








Vac.2 


^Wall3 










^^Wall2 






xl 


Vac.3 




Vac.l 






Wall 1 



Figure 1: Boundary condition of the model in 
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(vanishing Y^) and find the two conserved supercharges from Eqs.( p.ll] ) and ( |2.12| ) as 



Q 



(1) 



[e-'-^Q2 + e'-^Q 



Q 



(2) 



(e^fQi + e-^iQi). 



V2' - ^2 

The other two walls have also two conserved supercharges 

at wall 2 Q(3) _ _i^(e-^T5Qi + e'^Qi), besides Q(i) = ^(e'^f Q2 + e'^Q 
at wall 3 g(^) - ^ ' 



:2.2n 



^(e-^TiQi+e^iiQi), besides Q^''^ = j^ie-'^^Q2 + e'^Q 



2)1 
'2)- 



(2.22) 



When these three half walls coexist, we can have only one common conserved supercharge Q*^^^ = 
(e~*5(52 + e'^(52)/\/2- In fact we find that the domain wall junction configuration conserves 
precisely this single combination of supercharges, even though it has also another central charge 
Yfc contributing. Correspondingly we obtain the BPS equations ( P^.16| ) and ( f^.l7| ) for H = Hji 
with = — 1. The BPS equations ( |2.17| ) for the vector superfield can be trivially satisfied by 



and D = 0. The BPS equations ( |2.16| ) for chiral superfields become in this case 



dz dA*i ' 

assuming the minimal kinetic term. The solution for these BPS equations is given by IT? 

V2As 



(2.23) 



M{z,z) 
V{z,z) 

Tiz, z) 



M{z, z 
V{z,z) 



s + t + u 
V2At 
s + t + m' 
V2Au 



s + t + u 
2A e~*H'^s + e"*i''t + e^^'^w 



x/3 



s + t + u 



exp 



2A, 



^Re ( e'^^'z 



t = exp 



2A, 

7!^ 



u 



exp 



^Re(e-*t-z 



(2.24) 



.(2.25) 



This model is motivated by the softly broken M = 2 SU{2) gauge theory with one flavor. 
However, we can simplify the model without spoiling the solvability to obtain a Wess-Zumino 
model consisting of purely chiral superfields by the following procedure. The vector superfields 
actually serve to constrain chiral superfields to have the identical magnitude pairwise through 
D = to satisfy the BPS equation ( pTTD for vector superfields: |A^| = |A^|,|:D| = |r'|,|Q| = |Q|. 
Therefore we can eliminate the vector superfields and reduce the number of chiral superfields by 
identifying pairwise M. = M.,!) = V, Q = Q. Correspondingly we should take the superpotential 
as ^ 

W = ^(T - A)M^ + + A)V^ + liT~ tV3A)Q^ - ^T. 

This Wess-Zumino model has the same solution as ours by changing /i^/2, A 
similar observation has also been made in ref . 1221 • 



(2.26) 
V3A/2. A 
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2.3 Unitary representations of (1,0) supersymmetry algebra 



Let us examine states on the background of a domain wall junction from the point of view of sur- 
viving symmetry. In the case of the BPS states satisfying the BPS equation ( |2.16| ) corresponding 
to H = Hji, we have only one surviving supersymmetry charge Q^^\ two translation generators 
H, P^, and one Lorentz generator J^^, out of the A/" = 1 four dimensional super Poincare genera- 
tors. Since we are interested in excitation modes on the background of the domain wall junction, 
we define the hamiltonian H' = H — (H) measured from the energy (H) of the background 
configuration. By projecting from the supersymmetry algebra (|2.1| ), (|2.2| ) with central charges 
in four dimensions, we immediately find 

(Q(i))' = i7'-p3_ ^2.27) 
We also obtain the Poincare algebra in 1 + 1 dimensions 

[j03^q(i)] = lg(i), [J^-\H' - P'^]=i{H' - P^), [J^'^H' + P^] = -i{H' + P'^). (2.28) 

Other commutation relations are trivial 

[H' - P\ H' + = [H' - P^ g(^)] = [H' + P^ Q(^)] = 0. (2.29) 
This is precisely the (1,0) supersymmetry algebra on the domain wall junction as anticipated 

El. 

To obtain unitary representations, we can diagonalize H' and P^ 

H'\E,p^) = E\E,p^), P^\E,p^) =p^\E,p^), E>\p^\, (2.30) 

and combine them by means of QW. IfE-p^ > 0, we can construct bosonic state from fermionic 
state and vice versa by operating Q^^^ on the state. 

\B)= J—y '^'lF), \F)= J-^ Q^''>\B). (2.31) 
E — p-^ E — p'^ 

Therefore we obtain a doublet representation (|-B), |-^))- li E — p^ = 0, operating by Q^^^ on the 
state gives an unphysical zero norm state 

|Q«|E,p3)f = {E,p^\ (gW)^ \E,p^) = {E,p^\H' - P^\E,p^) =E-p^ = 0. (2.32) 

Then the massless right-moving state \E,p^ = E) is a singlet representation. This singlet state 
can either be boson or fermion. Thus we find that there are only two types of representations of 
the (1, 0) supersymmetry algebra, doublet and singlet. We also find that massive modes should 
appear in pairs of boson and fermion, whereas the massless right-moving mode can appear singly 
without accompanying a state with opposite statistics. This provides an interesting possibility 
of a chiral structure for fermions. 

If another BPS equation ( p.l3| ) corresponding to H = Hi is satisfied instead of Eq. ( p. 161) , 
we have (0, 1) supersymmetry and the left-moving massless states can appear as singlets. 
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3 Nambu-Goldstone and other modes on the junction 



3.1 Mode equation on the junction 



Since the vector superfields have no nontrivial field configurations, Nambu-Goldstone modes 
have no component of vector superfield. Moreover we can replace our model, if we wish, by 
another model with purely chiral superfields without spoiling the essential features including 
the solvability. Consequently we shall neglect vector superfields and consider the general Wess- 
Zumino model in Eg . (12 .31 ) in the following. For simplicity we assume the minimal kinetic term 



here Kij* 



6ij* . 



Let us consider quantum fiuctuations A'^, ip'^ around a classical solution which satisfies the 
BPS equations ( ^l3D and (pj[5|) for H = Hi or ( ^IBD and (|2T7|) for H = Hu. 



A' = A', + A'\ 



(3.33) 



We retain the part of the Lagrangian quadratic in fluctuations and eliminate the auxiliary fields 
to obtain the linearized equation for the scalar fluctuations 



- dud^^A'*' + 



^ dAi,dA^^^ dAl^dAli 



A'^ = 0. 



(3.34) 



In order to separate variables in x^,x^ and we have to define mode equations on the 

background which has a nontrivial dependence in two dimensions, The bosonic modes 

yl'^(x^,x^) can easily be defined in terms of a differential operator Ob in a;^,a;^ space 



B j 



id! + dl) 5^, + 



3 ' dAl^dA^^^dA'^,^aA'J 

d^w* aw 

dAlldA'^^dA'J dA"^, 



dAl.dA'^.dAi, dA'J 



92 w 



o 



B j 



n 

A'J 



Ml 



A'i 



(3.35) 



(3.36) 



where the eigenvalue has to be real from Majorana condition. The quantum fiuctuation for 
scalar can be expanded in terms of these mode functions to obtain a real scalar field equation 
with the mass M„ for the coefficient bosonic field 



^tjC ^ ^jC ^ ^ tXj ^ ^^^^^ Gjij^^iC j tXj ^j^^^^iC J iC ^ 
n 

^dl^dl + Ml) a„(x°,x=^) = 0. 
Similarly the linearized equation for fermions is given by 

92 W* 



OA-dAli 



= 



(3.37) 
(3.38) 

(3.39) 



10 



= 0. 



(3.40) 



To separate variables for fermion equations, it is more convenient to use a gamma matrix rep- 
resentation where direct product structure of 2 x 2 matrices for {x^,x^) and (x^,x^) space is 
manifest. We shall describe one such representation in appendix B. Transforming from such a 
representation to the Weyl representation which we are using, we can define the fermionic modes 
i^na^ ^rf Combining components of left-handed and right-handed spinors by means of the following 
operators 



= 



-I {di + 182) 6) 



-di + 182) 5] 



-i {-di - 182) 6 J 



-i {di - 182) 

dA»dA'J 



Si 









<2. 







2 j 



(2) 



Vn2 



(3.41) 

(3.42) 

(3.43) 
(3.44) 



where the mass eigenvalues mn\'rnn^ are real. Please note a peculiar combination of left- and 
right-handed spinor components to define eigenfunctions. We can expand ip'^ in terms of these 
mode functions 



/v,3\ 



(3.45) 



Since ip{x^,x^,x'^,x^] 
linearized equations 1 

the coefficient fermionic fields {cn,ibn) with two mass parameters m- 



is a Majorana spinor, the coefficient fermionic fields 6„,c„ are real. The 
i.39| ) ( p.40| ) for the fermion gives a Dirac equation in 1 + 1 dimensions for 

(1) _(2) 



■n , 



rrin 



-i {pido + ipa^s 



1+P3 



m 



(2). 



P3 



ih„{x^ , x^) 



(3.46) 



where we use Pauli matrices pa-, a = 1, 2, 3 to construct the 2x2 gamma matrices pi,ip2 in 1 -|- 1 
dimensions. Since we have a Majorana spinor in 1 -|- 1 dimensions which does not allow chiral 
rotations, we have two distinct real mass parameters rrin^ , ^ . 

To relate the mass eigenvalues of fermions and bosons, let us multiply two differential opera- 
tors for fermions O2 to Oi. In this ordering, we can use the BPS equation ( p.l6|) corresponding 
to H = Hii to find the differential operator for bosons Ob 



e 4 





fa 



o 



Bj 











e 4 



(3.47) 
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Therefore the BPS equation ( p.l6| ) corresponding to H = Hu guarantees that the existence of a 
solution ipl^, ?/'^2 of fermionic mode equations imphes the existence of a solution of bosonic mode 
equations with the mass squared 



(1) (2) 

rrin rrin 



A': 



A'l 



n2- 



(3.48) 



If another BPS equation (|2.13| ) corresponding to H = Hi is valid, operator multiplication with 
different ordering gives the same bosonic operator whose rows and columns are interchanged 











o 



Bj 











(3.49) 



Therefore the BPS equation ( p^.l3D corresponding to H = Hi guarantees that the existence of a 
solution ipl^-^ of fermionic mode equations implies the existence of a solution of bosonic mode 
equations with the mass squared 



(1) (2) 

rrin rrin 



A'l 



(3.50) 



Therefore we find that all massive states come in pairs of boson and fermion with the same 

in accordance with the result of the unitary representation of the 



rrin 



mass squared M, 
(1, 0) supersymmetry algebra. 



(1)^(2) 



3.2 Nambu-Goldstone modes 

Since we are usually most interested in a low energy effective field theory, we wish to study 
massless modes here. If global continuous symmetries are broken spontaneously, there occur 
associated massless modes which are called the Nambu-Goldstone modes. To find the wave 
functions of the Nambu-Goldstone modes, we perform the associated global transformations and 
evaluate the transformed configuration by substituting the classical field. For supersymmetry we 
obtain nontrivial wave function by substituting the classical field 74*[(a;^,x^) and F^\(a;^,a;^) to 
the transformation of fermions by a Grassmann parameter ^, since classical field configuration 
of fermion vanishes ipli = 

6^ij' = iV2a''^d^Al^ + V2iFi,. (3.51) 



If the BPS equation ( p.l6|) for the junction background is valid, we obtain 

5^ilj' = V2 [{la^i - + {^^^l + i^-i)d2K^ ■ (3.52) 

We see that there is one conserved direction in the Grassmann parameter: 

ia^^ = and a^^ = (3.53) 
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The other three real Grassmann parameters ^ correspond to broken supercharges. For our exact 
solution, for instance, we find it convenient to choose the three broken supercharges as the 
following real supercharges 

(3.54) 

Then the corresponding massless mode functions are given by 

%' [x ,x) = \ ) ' (3-55) 

i)f^\x\x^) = ( 29iA^i(x°,x2)e^-/4 ) ' ^^-^^^ 

,(III)V^l _ f 

%Al,{x\. 



A {x,x) - [ 2doAi(x\x^)e'-/^ ^^-^^^ 



Since the transformation parameter should correspond to the Nambu-Goldstone field with zero 
momentum and energy, the three transformation parameters ^ should be promoted to three real 
fermionic fields in x^,x^ space, b^^x^^ , x"^) , Cq^\x^ , x"^) , and CQ™^(a;°, x^), to obtain the Nambu- 
Goldstone component of the mode expansion 



^\x',x\x\x^) = b'i\x'',x^)^j^^\x\x^) + 4'\x'',x^)^i^'^\x\x^) 



jiii)/ ^3^„,,(ni)i 



, V- An(x°,x3)V;;i(xl,x2)\ 

[X ,x J + z^ (^c„(xO,x3)V';2(a;\a;') ; ■ ^ ^ 



n>0 

We have explicitly displayed three massless Nambu-Goldstone fermion components distinguishing 
from the massive ones {n > 0). The Dirac equation for the coefficient fermionic fields (|3.46| ) shows 
that 6o''(a;° — x^) is a right-moving massless mode, and Cq^\x^ + x^), and Cq^^\x^ + x^) are left- 
moving modes. 

We plot the absolute values of |^o"^*~^l i = T component of the wave function of the 

Nambu-Goldstone fermions a = I, II, III in Fig. |^. We can see that Nambu-Goldstone fermions 
have wave functions which extend to infinity along three walls. They become identical to fermion 
zero modes on at least two of the walls asymptotically and hence they are not localized around the 
center of the junction. We can construct a linear combination of the Nambu-Goldstone fermions 
to have no support along one out of the three walls. However, no linear combination of these 
Nambu-Goldstone fermions can be formed which does not have support extended along any of 
the wall. Therefore these wave functions are not localized and are not normalizable. This fact 
means that the low energy dynamics of BPS junction cannot be described by a 1 + 1 dimensional 
effective field theory with a discrete particle spectrum. 

Similarly the Nambu-Goldstone bosons corresponding to the broken translation P", a = 1, 2 
are given by 

A''q^\x\x^) = daAi^{x\x^), a = l,2. (3.59) 
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These two bosonic massless modes consist of two left-moving modes and two right-moving modes. 
On the other hand, we have seen aheady that there are two left-moving massless Nambu- 
Goldstone fermions and one right-moving massless Nambu-Goldstone fermion. These two left- 
moving Nambu-Goldstone bosons and fermions form two doublets of the (1, 0) supersymmetry 
algebra. The right-moving modes are asymmetric in bosons and fermions: two Nambu-Goldstone 
bosons and a single Nambu-Goldstone fermion. These three states are all singlets of the (1, 0) 
supersymmetry algebra in accordance with our analysis in sect. |2.3| . Therefore we obtained a 
chiral structure of Nambu-Goldstone fermions on the junction background configuration. 



3.3 Non-normalizability of the Nambu-Goldstone fermions 

We would like to argue that our observation is a generic feature of the Nambu-Goldstone fermions 
on the domain wall junction in a flat space in the bulk: Nambu-Goldstone fermions are not lo- 
calized at the junction and hence are not normalizable, if they are associated with the supersym- 
metry breaking due to the coexistence of nonparallel domain walls. The following observation is 
behind this assertion. A single domain wall breaks only a half of supercharges. Nonparallel wall 
also breaks half of supercharges, some of which may be linear combinations of the supercharges 
already broken by the first wall. If the junction configuration is a 1/4 BPS state, linearly inde- 
pendent ones among these two sets of broken supercharges of nonparallel walls become | of the 
original supercharges. 

To see in more detail, let us first note that the junction configuration reduces asymptotically 
to a wall if one goes along the wall, say the wall 1. On this first wall, a half of the original 
supersymmetry {Q^^\ ■ ■ ■ , Q^^^) is broken. Denoting the number of original supercharges to be N, 
we call these broken supercharges as Q^^\ ■ ■ • , Q^^^'^\ Consequently we have Nambu-Goldstone 
fermions localized around the core of the wall and is constant along the wall. In the junction 
configuration, we have other walls which are not parallel to the first wall. Asymptotically far 
away along one of such walls, say wall 2, another half of the supersymmetry Q'^^\ ■ ■ ■ , Q'^^^'^^ 
is broken. If the junction is a 1/4 BPS state, a half of these, say Q"-^\ • ■ • , Q'W^), is a linear 
combination of Q^^\ ■ ■ ■ , Q*^^/^-* broken already on the wall 1. The other half, Q'^^'^^\ ■ ■ ■ , Q'*^^-* 
are unbroken on the wall 1. Altogether a quarter of the original supercharges remain unbroken. 
Consequently the Nambu-Goldstone fermions corresponding to Q'^^\ ■ ■ ■ ,Q'^^^'^^ have a wave 
function which extends to infinity and approaches a constant profile along both the walls 1 and 
2. Those modes corresponding to Q'^^^^\ ■ ■ ■ , Q'^^^ have support only along the wall 2, and 
those corresponding to the linear combinations of Q^^\ ■ ■ ■ , Q^^^"^^ orthogonal to Q'^^\ ■ • ■ , Q'^^^^'^ 
have support only along the wall 1. Thus we find that any linear combinations of the Nambu- 
Goldstone fermions have to be infinitely extended along at least one of the walls which form the 
junction configuration. Therefore the Nambu-Goldstone fermions associated with the coexistence 
of nonparallel domain walls are not localized at the junction and are not normalizable. 

In our exact solution, domain wall junction configuration reduces asymptotically to the wall 
1 at ^ — oo with fixed . On the wall, only two supercharges in Eq. ( p.54D are broken 



Qi = ^(e*"/'Q2 + e-'^/^Qi), Q„ = -^{e-'^'^Q, + e'^^/^Qi), (3.60) 
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Figure 2: The bird's eye view of the absolute value of the i = T component of the wave functions 
of the Nambu-Goldstone fermions on the junction in the (x^, x^) space 
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and there are two corresponding Nambu-Goldstone fermions which become domain wall zero 
modes asymptotically 










2diAi^{x\x'^)e'''/'^ 



in/i 



) 



) 








) 



(3.61) 



These wave functions are localized on the core of the wall 1 in the x^ direction and are constant 
along the wall. Along the other walls we find two broken supercharges one of which is identical to 
one of the broken supercharges, Qi. The other broken supercharge is Qn on the wall 2 and Q'd on 
the wall 3. There are only two independent supercharges among Qu, Qjj, and Qn. Together with 
Qi we obtain three independent broken supercharges. We can construct a linear combination of 
the Nambu-Goldstone fermions to have no support along one out of the three walls. However, 
any linear combination has nonvanishing wave function which becomes fermion zero mode on at 
least one of the wall asymptotically. Therefore the associated Nambu-Goldstone fermions have 
support which is infinitely extended at least along two of the walls. 

If a single wall is present, we can explicitly construct a plane wave solution propagating along 
the wall, which may be called a spin wave and is among massive modes on the wall background. 
Even if there are several walls forming a junction configuration, we can consider excitation modes 
which reduce to the spin wave modes along each wall. They should be a massive mode on the 
domain wall junction background. The Nambu-Goldstone mode on the domain wall junction is 
the zero wave number limit of such a spin wave mode. This physical consideration suggests that 
the massless Nambu-Goldstone fermion is precisely the vanishing wave number (along the wall) 
limit of the massive spin wave mode. 

Let us note that our argument does not apply to models with the bulk cosmological constant. 
In such models, massless graviton is localized on the background of intersection of walls 0. 
In that case, massless mode is a distinct mode different from the massless limit of the massive 
continuum, although the massless mode is buried at the tip of the continuum of massive modes. 
The normalizability of the massless graviton is guaranteed by the Anti de Sitter geometry away 
from the junction or intersection including the direction along the wall. 

4 Boundary conditions and central charges 

For a 1/4 BPS state, there are two sets of BPS equations, Eqs.(CT)-(^) and (gl6D -(gT7D, 
corresponding to the two kinds of BPS domain wall junctions. In this section we make explicit 
the relation between the boundary conditions and the choice of these BPS equations. 

BPS domain wall junction is formed when nonparallel BPS walls meet at a junction. In regions 
far away from the junction, the configuration approaches to isolated walls asymptotically. BPS 
domain wall is a 1/2 BPS state and conserves two supercharges. These two supercharges are 
given, from Eqs. (|2.11|) and (|2.12|) , in terms of central charges Zi and Z2 for the wall. Let us take 
a general Wess-Zumino model in Eq.( p^.3[ ) and examine if a domain wall junction can be formed 
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where different vacua appear in asymptotic regions. These vacua correspond to points 
in the complex plane of superpotential W. The field configuration of the junction at infinity is 



mapped to a straight line connecting these vertices |14|, [16|. In order to have a balance of 



force, this polygon has to be convex [Q. We set the origin of the W space at an arbitrary point 
inside this BPS polygon and denote the value of the superpotential at the I-th vacuum as Wi, 
for / = 1, . . . , A^, as illustrated in Fig. |](b). Let us take the origin in x^, space as the junction 
point of these BPS walls. If we denote Ou the angle of the half wall separating two vacua, I and 
J, as illustrated in Fig. |](a), the central charges Zi and Z2 of this wall are given by Eq.( p.4|) as 

Zij = (Zi, Z2)ij = 2[W*j- W*j] ■ ujj ■ (Area), (4.62) 
uu = icos{9ij + 7r/2), sin(^/j + n/2)). (4.63) 

Thus two supercharges conserved at this wall are 

Qi + e^(-""-^^-^)gi, Q2 + e^^-^^-^+^^^Qs, (4-64) 

where ct/j = arg( Wj — W/). 

BPS domain wall junction is a 1/4 BPS state and conserves only one supercharge. Let us 
consider the case oi H = Hu where a linear combination of Q2 and Q2 is conserved as shown in 
Eq.( |2.12 ). This must be the common conserved supercharge for all the walls 

■■■ = Q2 + e'(-""+^^-')Q2 = Q2 + e'^-^-'^+^^^'^Qa = • • • ■ (4-65) 

Then the relative angle of the two neighboring walls must be equal to the difference of two phases 
of the differences AW of the superpotentials for the two walls 

• • • , OjK - Ou = ajK - ajj, (4.66) 

Moreover the field configuration at infinity should move counterclockwise in W space, as we go 
around the origin counterclockwise in space. 

Similarly, a linear combination of Qi and Qi is the common conserved supercharge in the 
case of H = Hi. We obtain in this case 

■ ■ ■ , OjK-Ojj = -{ajK - aij), ■ ■ ■ (4.67) 

and that the field configuration at infinity should move clockwise in W space, as we go around 
the origin counterclockwise in space. 



Therefore we find that the BPS equations ( |2.16|) - (|2.17| ) for the case H = Hu should be used if 
the phase of the superpotential W increases as we go around the origin counterclockwise in x^,x^ 
space. If the phase of the superpotential W decreases as we go around the origin counterclockwise 
in x^,x^ space, the other BPS equations ( p.l3| )- (|2.15| ) for H = Hi should be used. 

Next we discuss the sign of the contribution of the central charge la to the mass of the 
junction configuration. We can use the Stokes theorem to obtain an expression for the central 
charge Y3 as a contour integral [jn| 



Y^ = J dx^^ j d'^x [di {Kid2A') - 82 {KidiA')] = j dx^i j KidA\ (4.68) 
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(a) Walls separating vacua /, J, K 'm. x^, space 




\w 



(b)BPS polygon in W space 



Figure 3: Walls in x\ x space and BPS polygon in W space 



where Ki = OK/ dA^ is a derivative of the Kahler potential K. This contour integral in the field 
space should be done as a map from a counterclockwise contour in the infinity oi z = x^ + ix"^ 
plane. Only complex fields can contribute to Y-^. Let us assume for simplicity that there is only 
one field which can contribute to I3 as in our exact solution. 



Eq.( 4.6^ ) shows that the central charge I3 becomes negative (positive), if the asymptotic 
counterclockwise contour in is mapped into a counterclockwise (clockwise) contour in field 

space. On the other hand, the sign of the contribution of the central charge I3 to the mass 
of the junction configurtion is determined by the formula H = Hji = \{iZi — Z2)\ + (Is), or 
H = Hi = \ {—iZi — Z2) \ — (I3). The choice of these mass formulas are in turn deterined by the 
map of the asymptotic counterclockwise contour in x^, x^ space to a counterclockwise or clockwise 
contour in the superpotential space W. Combining these two observations, we conclude that the 
contribution of the central charge la to the mass of the junction configuration is negative if the 
sign of rotations is the same in field space A" and in superpotential space W, and positive if the 
sign of rotations is opposite. 

The field configuration moves counterclockwise in field space in our exact solution in ( |2.24| ) 
and then the central charge is negative in this solution. Since the exact solution satisfies the 
BPS equation for the case H = Hn, the central charge contributes to the mass of the junction 
configuration negatively. Therefore we should not consider the central charge alone as the 
physical mass of the junction at the center. In the junction configuration, the junction at the 
center cannot be separated from the walls. We also can find a solution for the other case of 
H = Hi in our model. The solution is just a configuration obtained by a refiection x^ — > — x^. 
Then the central charge is positive, but the contribution to the mass H = Hi becomes again 
negative. In either solution, the rotation in field T space has the same sign as the rotation in 
superpotential W space. Therefore central charge Y^ contributes negatively to the mass of the 
junction, irrespective of the choice of H = Hi ot H = Hn. 



18 



More recently this feature of negative contribution of Y3 to the junction mass is studied from 
a different viewpoint and it is argued that this feature is vahd in most situations except possibly 



in contrived models |22|. These models, if they exist, should correspond to the case of opposite 



sign of rotations in W space and field space. 



5 Energy density and central charges 
5.1 Charge densities 

Our exact solution is useful to examine how the topological charges Z^, Yk and energy of the 
domain wall junction are distributed in x^, space. We shall study their densities and integrated 
quantities in finite regions in this section. 

5.1.1 Y charge density 

The Is charge density 3^3 = ie^'^"^dn {T*dmT) is given in our exact solution by 



3^3 = -24A^ ^ 



\/3Ax 



^gV3Ax2 _^ 2 cosh (Ax 
-24A^ i ^ (5.69) 



^L sine , ^Lsin(e+^) , ^Lsin(e-^' 



where the cylindrical coordinates r and 6 is used to make symmetry explicit. A bird's eye 
view of the 3^3 is given in Fig. ^. Here and the following, we shall take the unit of A = 1 in 
drawing figures. The density is localized near the origin and the Z3 symmetry is manifest. 

5.1.2 Z charge density 

We obtain the superpotential as the function of and x^, by inserting the solution ( p.24| ) 

'2 + 3e^^^' cosh (Ax^) + cosh (2Ax^)) sinh (Aa 



ReW* = -SA'^ 



^^V3Ax^ +2 cosh (Axi) 



ImW* = 2V3A^ 

[gV3Ax2 + 2 cosh ^^^p 
The Z charge densities are given by Zj. = 2dkW*, {k = 1,2) and are found to be 

^2 + g2V3Ax2 pQgj^ (2Axi) + 3e^^^' cosh (Ax^) 



(5.70) 



ReZi = -48A' 



[e^A^' + 2cosh (Axi)]' 
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Figure 4: A bird's eye view of 3^3 



ImZi 



gV3Ax2 ^.^j^ ^^^^^ ^ 2e^^^' cosh (Ax^)) 



+ 2 cosh (Ax^ 



48A^ 



cosh (Ax^) + e^^^' (2 + 3 cosh (2Ax^)) 



[eV3Ax2 ^ 2 cosh (Axi 



(5.71) 



We can define the effective value of the Z charge which contributes to the energy of the junction 
as Zes = — ReZi + lmZ2. Corresponding effective charge density is given by 



96A' 



1 + 2e^^^' cosh (Ax^) + e^v^^^' (1 + 2 cosh (2Axi)) 



+ 2 cosh (Ax^ 



(5.72) 



Let us note that the effective charge density is Z3 symmetric, whereas individual charges Zi,Z2 
are not. 



5.1.3 Energy density 

Adding Zcs and 3^3 together, the energy density of the junction is obtained. 



n = 24A' 



^4 + 6e^^^'cosh (Ax^ 



(3 + 8cosh(2Axi)) 



[eV3Ax2 ^ 2 cosh (Axi 

A bird's eye view of Ti is shown in Fig. ^ The energy density is Z^ symmetric as expected. 



(5.73) 
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Figure 5: A bird's eye view of the energy density of the junction. 



A cross section of the densities, Ti, Z^s and 3^3 along one of the walls (e.g. negative direction) 
is shown in Fig. ^. The Zefr charge contributes to the energy positively while Kj does negatively. 
Since the decrease of Z^i^ is faster than the increase of 3^3, a small dip is found around -RA ~ 1. 
Far from the origin there is practically no difference between ^efr and 7i because 3^3 is localized 
near the origin. 

5.2 Charge densities integrated over a region of finite radius 

In this subsection we shall evaluate the central charge densities integrated over a triangular or 
circular region depicted in Fig. ^. 



5.2.1 1^3 charge 



Integrating 3^3 over a triangle whose inscribed circle has a radius R as shown in Fig. 0, we obtain 
for large (i?A > 1) 



1 3vr . 



+ C e 



(5.74) 



where L3 denotes the length along the direction. The leading term agrees with our previous 
evaluation by the step function approximation! 17] and the subleading terms vanish exponentially 
as i? — 00. 
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Figure 6: A cross section of the densities Ti (solid line), Z^s (short dashed line) and (long 
dashed line) along the negative direction. 
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Figure 7: The domains of integration: triangle (solid line), inscribed circle (short dashed line) 
and circumscribed circle (long dashed line). The bold lines denote the domain walls forming a 
junction. 



On the other hand, for small R {RA <^ 1), we obtain the Y3 charge 



triangle 



(R) 



8 

7^ 



R^A^ - R^A^ - ^R'A' + O (R^A^) 
45 ^ ' 



(5.75) 



Notice that the leading term comes from the density at the origin multiplied by the area of the 
circle. Although there are no terms of the first or third degree in i?, there is a fifth degree term. 

We can also integrate the 3^3 over a circle of radius R. In this case it is more convenient to use 
cylindrical coordinates (r, 6', and x^), and the following surface integral formula obtained from 
the Stokes theorem. 



circle 



{R) 



L3/2 I-2TT 

dx^ / de 

-L3/2 Jo 



(5.76) 



de- 



,sin {0-^) e2^^'=°'^ + sin( 



^2_RAcos(9+^' 



+ sin {e + ^) e 



2RAcos(e-^) 



e ^ 



9+f) 



+ e ^ 



+ e ^ 



where the Z3 symmetry is manifest. Expanding the integrand for small R {RA ^ 1), we obtain 



Yr'%R) = -Y^'L, 



R^A^ - -R^A^ + 0(i?^A^) 



(5.77) 



The leading term is again the density at the origin multiplied by the area of the circle. In contrast 
to the triangle case, there is no term of odd degree in R. 

For large R {RA ^ 1), we have to perform numerical integration to evaluate the Y"^'^^'^{R). 
We compare the Y^{R) evaluated for triangle, inscribed and circumscribed circle in Fig. |[ In the 
limit of — s> 00, Y'i{R) for all the regions converge to —2\/^A^L^ as expected. 
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Y3 




-3.5^ 

Figure 8: Kj(-R) evaluated for the triangle (solid line), inscribed circle of radius R (short dashed 
line) and circumscribed circle (long dashed line). 



5.2.2 Z charges 



Since the Zi charge is given by a total derivative in x^, we can rewrite the Zi charge as 

Zi(i?) = 2 j dx^ j dx^diW*{A*) = 2 dx^ [W* (x') ,x^) - W* {x'- (x^) ,x^)] , 

(5.78) 

where x*^(z = 1,2) denote the upper and lower bound of the domain of integration. Since 
Eq.( ^.70D shows that ImW*(x^, x^) is even and ReW*(x^, x^) is odd in x^, we obtain lmZi{R) = 
and ReZ2(-R) = for an integration region symmetric in x^ which we shall use. Let us note that 
Re^i (Im^2) is negative (positive) definite. 

Firstly we choose as a domain of integration the triangle region whose inscribed circle has a 
radius R. For large R {RA 1), we obtain 



(i?) 



12A^U 



(5.79) 



The leading linear term represents the contribution of charge density per unit length of the wall. 
It is interesting to observe that there are no constant terms. The exponentially suppressed terms 
represent the way the domain wall junction configuration converges to isolated walls as i? — > oo. 
The effective value of the Z charge becomes 

{R) = -ReZf''^"^'^(i?) + ImZ*"""s'"=(i?) 



/-^triangle 



2AA' LsR + f Y - y ) A'^ae-^^^ + O ( e^^v^^A 



(5.80) 
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For small R {RA <^1), Z charges become 
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R^A^ + -R^A" - 



1 

2' 



9 



R^A^ + O (R^A^) 
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2 9 



(5.81) 



Notice that the leading term represents the density at the origin multiplied by the area of the 
triangle, and that there is no term of the first or third degree in R. The effective value of Z 
charge is 

^triangle^^^ = ^R'^A^'L^ + O (i^^A^) . (5.82) 

v3 

We can also choose a circle of radius i? as a domain of integration. For small R {RA <^ 1) 
we obtain 



ReZf^'^(i?) 
ImZ^"''='''(i?) 



327r 



R^A^ - -R^A^ + O (R^A^) 
4 ^ ' 



327r 
~9~ 



R^A^ - -R^A" + O (R'A') 
4 ^ ^ 



(5.83) 



The leading term is again given by the densities at the origin multiplied by the area of the circle. 
The effective value of the Z charge is 



^circle 



(R) 



QAir 



R'A^ - -R^A^ + O (R'A^) 
4 ^ ^ 



(5.84) 



A numerical evaluation is needed for large R. We compare the effective Z value evaluated for 
triangle, inscribed circle and circumscribed circle in Fig. As R ^ oo, the asymptotic slope of 
^ins. circle for inscribed circle converges to the same value as that for the triangle. In the case 
of the circumscribed circle, the Z^s becomes twice as large as those of the other cases for large 
R, since the total length of the walls is twice as long as those of the other cases. 



5.2.3 Energy of the junction 

Since our exact solution satisfies the BPS equation corresponding to H = Hn, the energy of the 
junction is obtained by adding and Zcs together H = Z^s + Y3 = —ReZi + ImZ2 + Y3. 

Firstly we choose the triangle region whose inscribed circle has radius R. For large R {RA ^ 
1), the energy is 

Htn.n,UR) = 2AA'L,R - 2V3A'L, + f 57r - ^] A^Lge'^^^ + O (e-'^'^^) . (5.85) 
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Figure 9: (-R) evaluated for the triangle (solid line), the inscribed circle of the radius R (short 
dashed line), and circumscribed circle (long dashed line). 



The first linear term can be regarded as the contribution from the walls and the second constant 
term can be regarded as the contribution from the junction at the center. For small R {RA ^ 1), 
the energy is 



-^triangle 



R^A' + -R^A^ + ^R'A'' + O (R^A^) 
7 315 ^ ^ 



In the case of the circle of radius R, the energy is given for small R {RA <^ 1) as 



circle (-R) = ~g~^ "^3 



14 ^ ' 



(5.86) 



(5.87) 



The energy of the triangle region is compared to those of inscribed and circumscribed circles 
in Fig. 0. For large R {RA ^1), the energy H reduces to Zeg. 

Finally we plot the ^-dependence of the energy and charges that are obtained by integrating 
the densities from r = to r = R with 6 fixed (see Fig. |Tl|). In each figure the energy H (solid 
line) is the sum of the (short dashed line) and (long dashed line) and symmetry is 
manifest in their 6'-dependence. In Fig. |ll](a), all the quantities are almost uniform in 6 near the 
junction at the center, reflecting the fact that the junction is a string-like object and symmetric 
around the axis. As we move away from the origin, main contribution comes from the direction 
of the walls (in our case — vr/2, tt/6, and 57r/6) (see Fig. |TT](b) and (c)). As R grows, Y3 disappears 
and the energy H approaches Z^s (see Fig. |Tl|(d)). 
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Figure 10: The energy of the junction configuration H{R) evaluated for the triangle (solid), 
inscribed circle of radius R (short dashed line) and circumscribed circle (long dashed line). 
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A Fermionic contributions to central charges 

We shall derive the central charges including fermionic contributions in the case of a general Wess- 
Zumino model with an arbitrary superpotential W. For simplicity, Kahler metric is assumed to 
be minimal Kij* = 6ij*. 

+ r ^b'ib^ : r + F*^ r ib'^b^ : r. (A.l) 

dA^ 2^ ^ dA'dA^ dA*^ 2^ ^ dA*'dA*^ ^ ' 



We have added a surface term to Eq.( |2.3| ) to make the variational principle meaningful. This is 
the starting Lagrangian to derive central charges and we will not neglect any total divergences 
from now on. The canonical supercurrent is found to be 

= V2{cx''a>'^')^d^A" +iV2{a''^')^F' 

= V2{a^a^^p^)J,A»-^V2{a^^p^)^^ (A.2) 

= v^(aVV)"9,A^-zv^((TV)"^ (A.3) 

oA^ 

The canonical energy momentum tensor is given by 

T^^ = d^A^d-'A*^ + d^A*^d''A^ + -ij^a^'d'^ij^ + -t/j^a^'d'^tp^ (A.4) 
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Figure 11: The ^^-dependence of the energy and charges that are obtained by integrating the 
densities over the radial direction up to R with 6 fixed. In each figure horizontal axis denotes 6, 
and solid, short dashed and long dashed fines correspond to H, Z^s and Y3 respectively. 
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+9 



2 ^ ^ 2^ ^ 2^ ^ (9A*MJ 



1 dW* 

2^ ^ M«(9v4*J 



Canonical quantization gives (anti-) commutation relations 



[A\x),doA*^{y)\^,^^,=i5\x-y)S 



-5\x - y)5'' a"" 



a/3' 



(A.5) 



The anticommutator between supercharges of the same chirality gives the supersymmetry algebra 
with the central charge Zk in Eq.(^ 



(A.6) 



Zk = 2 j SxdkW*{A* 



which turns out to have only bosonic contributions. The anticommutator between supercharges 
of the opposite chirality gives the supersymmetry algebra (p.2|) with the central charge 



knm 



d^xdn(A*W^A^ --^^a^^P' 



Yk = ie 



which has both bosonic and fermionic contributions. 



A23 



1, 



(A.7) 



B Gamma matrices and fermion mode equations 

In order to separate variables and for spinors, it is most convenient to use a 

gamma matrix representation where the direct product structure of 2 x 2 matrices in (a;^, a;^) and 
becomes manifest. One such representation is 



7° = p\ 7^ = 7^ = 7^ = ^c^V, 



(B.l) 



where a"" are Pauli matrices acting on 2 x 2 matrices and acting on indices of blocks of these 
2x2 matrices. The four component spinor can be decomposed into a pair of two component 
spinors ^ and x in + 1 dimensions 



(B.2) 



The B matrix for 1 + 3 dimensions can be defined as a product of B matrices B^^^ for 1 + 1 
dimensions and S*^^^ for + 2 dimensions 



5 = fi«fi(2)^ 5(1) 



5(2) 



(B.3) 



The Majorana condition for the 1 + 3 dimensional spinor and the pseudo-Majorana condition for 
the + 2 dimensional spinor are given by 



^ = Br, e = B^^^c 



X 



(B.4) 
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which imphes = —i^2 components of the two component spinor ^ = (.^1,^2) 5 and similarly 
for X- 

The Dirac equation for four component fermions in the general Wess-Zumino model reads 



+ 



dA^dA^ 2 dA*^dA*^ 2 



= 0. 



(B.5) 



The mode equation in x ,x space is defined in terms of two component spinors and xi, 



-5'^ [a'di + a^d^) - 



d'W* 1 + a-" 



OA^dA^ 2 dA»dA*i 2 



OA'dA^ 2 dA*^dA*^ 2 



Sn 



An 



-m(2)C. (B.6) 



The two component spinors Cn^Xn satisfy the pseudo- Major ana condition ( |B.4| ). Then we find 
that mass eigenvalues are real 



(B.7) 



We can make a separation of variables for the Dirac equation (p.5|) by means of real fermionic 
fields Cn and bn 



(B.8) 



Using these mode functions we find that the fermion fields {cn^ihnY satisfy the Dirac equation 
in 1 + 1 dimensions in Eq. (|3.46|) . 



This representation can be related to the usual Weyl representation in ref. |20| by the following 
unitary matrix U 



U 



l + a 



(B.9) 



The two component spinor in the Weyl representation is related to the components of the four 
component spinor ( p.2|) in the representation (|B.1|) in this appendix as 



J Weyl 



Xi 

-iX2 



(B.IO) 



Thus we obtain the mode equation (|3.41|)- (|3.44|) in the Weyl representation. 
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